Abstract-Hybrid automatic-repeat-request (ARQ) is a flexible and efficient technique for data transmissions. In hybrid ARQ, subpacket schemes are more attractive for systems with burst errors than complete packet schemes. Although subpacket schemes were proposed in ARQ systems, optimum subpacket transmission is more effective to maximize throughput in a dynamic channel. Since convolutional codes have properties of burst errors in decoding, the optimum subpacket can be applied to convolutional codes. This paper investigates the performance of subpacket transmission for convolutionally coded systems. An efficient method is proposed to estimate the optimum number of subpackets, and adaptive subpacket schemes, i.e., schemes that enable a system to employ different optimum numbers of subpackets under various conditions, are suggested to achieve the maximum throughput of the system. Numerical and simulation results show that the adaptive subpacket scheme is very effective for the convolutionally coded hybrid ARQ system, and it can provide higher throughput, smaller delay, and lower dropping rate than complete packet schemes. Moreover, the adaptive subpacket scheme can be flexibly used with packet combining techniques to further improve the system throughput.
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I. INTRODUCTION
T HE automatic-repeat-request (ARQ) technique was introduced in the early days of data communications as a consequence of the development of parity-check codes [1] , [2] . The main advantage of this technique is that it can adapt to the channel conditions at low complexity. Further, forward-error correction (FEC) and error detection were introduced into ARQ protocols, and the resultant schemes are known as hybrid ARQ protocols today. The hybrid systems can achieve throughput similar to the pure FEC systems, and provide the good reliability and flexibility of pure ARQ protocols.
In data communication systems, information sequences are transmitted usually in packets with fixed length. At a receiver, error correction and detection are carried out in the whole packet. If the packet is found in error, the receiver sends a request to the transmitter via a feedback channel, and then the whole packet is retransmitted. However, such a conventional complete-packet ARQ scheme is inefficient in the presence of burst errors. As shown in Fig. 1 , when the whole packet is divided into a few subpackets, all or majority of the bit errors may be located in one subpacket, leaving other subpackets error-free. But in the complete packet scheme, the whole packet will be retransmitted no matter how bit errors are distributed. This situation can be improved if subpacket schemes are employed. In subpacket transmissions, only those subpackets that include errors need to be retransmitted.
Many powerful FEC codes have been considered for hybrid ARQ systems, such as turbo codes [3] and convolutional codes [4] , [5] . Turbo codes have been shown to have excellent performance [6] . However, turbo decoding is very complicated. Convolutional codes are still attractive in real applications, due to its simple realization. Convolutional codes can be obtained by shift-register techniques, and exhibit good error-correction capability by use of the maximum-likelihood decoding scheme, i.e., Viterbi decoding scheme [7] . Convolutional codes have been widely employed in many communication systems, such as deep-space and satellite communication systems, second generation (2G) and third generation (3G) mobile communication systems [8] , [9] , and so on. A typical convolutional encoder is involved with one-bit input, a few-bit output, and constraint length . The performance of convolutional codes is determined by the Viterbi decoding, which selects survival paths in making decisions. Thus, convolutional codes have a property of burst errors.
Although subpacket schemes were proposed in ARQ systems [10] , there is no paper discussing the optimum number of subpackets, and a fixed subpacket scheme only provides improved throughput in a small range of signal-to-noise ratio (SNR). Ascertaining the optimum number of subpackets in one transmission is the objective of this paper. Exploiting the burst-error property of convolutional codes, an adaptive subpacket scheme is proposed to provide the highest throughput in a dynamic channel. The paper is organized as follows. In Section II, the system model and subpacket schemes are introduced. In Section III, packet error rate (PER) performance of FEC codes is analyzed. Section IV is devoted to finding the optimum number of subpackets for a system to maximize the throughput. An efficient algorithm is proposed to estimate the optimum number of subpackets at variable SNR. Representative analytical and simulation results of throughput, delay, and dropping rate are also presented. Finally, conclusions are drawn in Section V.
II. SYSTEM OVERVIEW
In a hybrid ARQ system, the information data blocks are encoded with error detection and FEC codes. The coded bit stream modulates a carrier using binary phase-shift keying (BPSK). After passing through a channel (additive white Gaussian noise (AWGN) channel) and being demodulated, the baseband signals are decoded by error correction and checked by error detection. Finally, acknowledgment signals, i.e., positive acknowledgment (ACK) and negative acknowledgment (NAK), are transmitted back to the transmitter over an ideal feedback channel that is assumed to be error-free.
Suppose that an information data block of -bit length is transmitted with ARQ techniques. The whole information data block is segmented into subblocks, as illustrated in Fig. 2(a) , which consists of error-detection encoders and one FEC encoder. Each detection code is an systematic block code, where is the length of one codeword (one subpacket) and is the length of information bits in each subblock ( is an integer). That is, each subblock passes through an error-detection encoder that produces a subpacket of bits. All of the subpackets are then time-multiplexed into a whole packet with length for the convolutional encoder with possible punctuation. The final output is a channel-coded word of length . The subpacket structure is shown in Fig. 2(b) , where each subpacket includes a systematic error-detection code of bits. In the following analysis, two different PERs are used in the subpacket schemes. One is the SPER, denoted as , and another one is the whole PER, i.e., the codeword error rate of the FEC code, denoted as . Note that the conventional complete-packet scheme can be treated as a special case of the subpacket scheme with . That is, the PER of the complete-packet scheme is simply represented by or . A systematic CRC code with 16 parity bits ( ) in Consultative Committee of International Telephone and Telegraph (CCITT) standards is used as the error-detection code [2] , [9] . Its generator polynomial is , where stands for bit delay operation. The CRC code is easy to implement, but it is not easy to evaluate its performance in traditional methods, such as weight distribution and minimum distance. However, there are some other meaningful measures for the performance of CRC codes, such as the "burst-error detection capability" and "error-detection coverage ." A binary CRC code with parity bits can detect all burst errors of length or less, and detect the fraction of all the error patterns. On a binary symmetric channel, when the code dimension and the error probability are large, the undetected error probability of CRC codes approaches . Thus, the performance of CRC codes is mainly determined by . The longer , the better the performance. The CRC code with can provide adequate detection for most applications. A 1/2-rate convolutional code is employed with constraint length (or memory length of ) and generator polynomial , or (64, 74) [2] . Higher rate codes are obtainable by puncturing from the low-rate code [11] . For example, the compatible 2/3-rate and 5/6-rate codes can be obtained from the 1/2-rate code by means of the puncturing matrices shown in the first equation at the bottom of the page, respectively, where "1" means that the code bit will be transmitted, and "0" means that the code bit will be dropped and not transmitted, as shown in the first equation at the bottom of the next page.
Consider the ARQ protocol of subpacket schemes. As shown in Fig. 2(b) , subpackets are independent of each other in CRC coding processes. The subpackets named SP SP SP are time-multiplexed into a single whole packet to be encoded by the FEC coder. At the receiver side, Viterbi decoding is carried out, and the syndrome of CRC codes is calculated for each subpacket SP . If there is no error in a subpacket, the corresponding decoded subblock is stored in a buffer and an ACK is sent to the transmitter. However, if there are some erroneous subpackets after the decoding is finished, then the corresponding NAK is sent to the transmitter for retransmission of the erroneous subpackets. All correctly detected subblocks are stored in a buffer, and sequentially forwarded to the higher layer. At the transmitter, since the codeword of the previous transmission has been stored, the corresponding parts in the codeword of the subpackets to be retransmitted can be obtained and retransmitted to the receiver. At the receiver, the signals of the previous transmission are needed. The retransmitted parts will replace the erroneous parts in the previous codeword, and the whole codeword is decoded again. The maximum transmission times for a particular subpacket is limited to . If the subpacket is still in error after transmissions, then it will be dropped out.
III. PERFORMANCE BOUND
In this paper, the tangential sphere bound is used, since it is a tight bound for binary linear codes [12] - [14] . Compared with the union bound [1] , [2] , the tangential sphere bound gets much closer to the actual performance at low-to-moderate SNR. The total number of codewords with Hamming weight is defined as (1) where is the number of codewords with Hamming weight , generated from information bits with Hamming weight . Assuming that the variance of the additive channel noise is , the tangential sphere bound on the PER [14] is given by (2) (4) where is the gamma function, given by
In (2), is the function, expressed as (6) By setting the derivative of (2) to zero, an optimal can be found to achieve the tightest upper bounds [14] .
To calculate the tangential sphere bound, it is necessary to evaluate (1) first. Although many efforts have been made by experts to find the distance spectra [15] - [18] , it remains a problem for most codes. Fortunately, for convolutional codes with small constraint lengths, (1) can be quickly calculated [18] when the codeword is not too long. Since the computation complexity increases exponentially with the constraint length, the tangential sphere bound is only calculated for the 1/2-rate convolutional code with constraint length of four. Given , the length of the codeword is 2406, including 6 tail bits. Otherwise, an overflow will occur because the calculation involves very large values. Convolutional codes with other code rates, constraint lengths, and code lengths will be studied as well.
IV. ANALYSIS AND SIMULATION
As explained in the Introduction, subpacket schemes are good schemes in the presence of burst errors. This section is devoted to finding the optimum subpacket schemes to maximize the system throughput. Consider an -subpacket scheme with an error-detection code. The effective code rate of the packet scheme is defined as (7) which accounts for the redundancy introduced by error-detection codes. Define SNR as the SNR per information bit, where is the energy per information bit, and is the power spectrum density of channel noise, and SNR SNR as the SNR per channel bit. Obviously, when all the other parameters are fixed, SNR (or ) decreases as increases. Given and , one way to alleviate the effect of on SNR is to apply subpacket schemes in long-packet-length systems (large ).
A. Optimum Subpacket Schemes
Throughput is chosen as the criterion for optimizing the number of subpackets . Consider a truncated system that employs a selective repeat-ARQ (SR-ARQ) protocol with maximum transmissions. The throughput is defined as [1] , [2] (8)
When
, , (or the code rate), and SNR are given, the throughput only depends on . When the number of subpackets is very large, tends to be small, so that the throughput becomes small. However, when is very small, the SPER tends to be large, so the throughput becomes small, as well. Therefore, there must exist a value of at which the throughput takes a maximum value. The optimum number of subpackets that achieves the highest throughput can be obtained by setting the derivative to zero.
can then be obtained from
If is given, then can be calculated from (9) directly. Unfortunately, it is difficult to obtain a closed form of . Under the assumption of burst packet-error patterns and long packet lengths, can be obtained from (9) by approximating with its average upper bound as follows. For the hybrid ARQ system employing an -subpacket scheme, the error rate of the whole packet, , can be approximated by the tangential bound (2) . Note that the input sequence to the FEC encoder is not pure information bits, but time-multiplexed CRC codewords. CRC encoders will change the weight distribution of the input sequence. As in (1) is the number of FEC codewords with weight , it is a function of the number of subpackets. In addition, the effective code rate is a function of . For long packet lengths, the effect of on weight distribution and code rate are not significant. Moreover, the PER of convolutional codes is not sensitive to the change in SNR. Thus, . Furthermore, since bit errors are in burst, can be approximated by (10) Then, can be obtained from (9) and (10)
Equation (11) clearly describes the relationship between and other system parameters. First, is limited by the redundancy introduced by error-detection codes. When CRC is long (large ), may take a value as small as one, which means that there is no benefit from subpacket schemes due to too much redundancy introduced by CRC. When is very small, becomes large. Thus, a small is required to render a subpacket scheme advantageous. However, for CRC codes,
should be large enough to ensure the detection capability. Therefore, to balance both CRC detection capability and the subpacket scheme, an appropriate value of should be chosen. Second, when and are given, increases with , which means more benefit from large-subpacket schemes in long packet-length systems. Third, a lower bound of can be obtained from (11) by setting , and is given by (12) Thus, a longer packet length can result in a smaller , which will increase the effective SNR region of subpacket schemes [see (7)]. In the SNR region where , is set to one, which means that complete-packet schemes are the best packet schemes in the region, instead of subpacket schemes.
Given and , the optimum subpacket scheme can be constructed as follows. First, a PER versus SNR curve is obtained from the tangential sphere bound (or simulation). Then can be found from the curve, and the corresponding SNR is taken as a threshold. For SNR where , should be set to one, whereas for smaller SNR where , is calculated using (11). The proposed method of constructing adaptive subpacket schemes is verified with convolutional codes. Consider a convolutional code with , , , and code rate of 1/2, whose generator polynomial is (64, 74). The tangential sphere bound of PER is obtained, and is calculated from (12) with the corresponding SNR of about 5.0 dB. Therefore, when SNR is smaller than 5.0 dB, the optimum can be found by using (11) , whereas when SNR dB, . The adaptive subpacket scheme (or ) can be derived. Simulation results are also depicted in Fig. 3 for comparison. It is seen that analytical derived from the tangential sphere bound is close to the simulated obtained from simulations at low or high SNR . However, at moderate SNR , it is larger than the simulated . This is because when SNR is low or high, the tangential sphere bound provides good estimation for PER, while at moderate SNR , this upper bound is much larger than the simulated PER. It is seen from Fig. 3 that the optimum subpacket scheme is not a constant-scheme. Instead, changes with SNR . The scheme that enables a system to employ different values of under variable SNR is called "an adaptive subpacket scheme." Using a predefined table of at different SNR , the adaptive subpacket scheme can be easily realized.
Since at moderate SNR , derived from the tangential sphere bound provides a rough estimation for the real , it is necessary to investigate the system throughput with the adaptive optimum subpacket scheme. The throughput of the complete packet scheme obtained from simulation is also plotted for comparison. Note that the optimum number of subpackets is dependent on the SNR . It can be seen from Fig. 4 that when SNR is small or moderate (SNR dB), the adaptive subpacket scheme can significantly improve the system throughput, compared with the complete packet scheme. Analytical and simulation results are very close, even at moderate SNR , where analytical is larger than simulated (see Fig. 3 ). That is, performance degradation is small when is slightly overestimated. Simulated throughput is illustrated in Fig. 5 with fixed-and adaptive subpacket schemes. It is seen that the adaptive subpacket scheme always provides the highest throughput, whereas fixed-subpacket schemes provide the same throughput as adaptive only in narrow ranges of SNR . Specifically, when SNR is from 2 to 3 dB, or from 3 to 4 dB, or from 4 to 5 dB, the optimum number of subpackets are about , respectively. When SNR dB, the complete packet scheme performs the best. This is consistent with Fig. 3 . In summary, for convolutionally coded hybrid ARQ systems, the adaptive subpacket scheme improves the throughput significantly.
The performance of adaptive subpacket schemes will be further investigated with different code rates and constraint lengths. As mentioned in the previous section, it is complicated to obtain the distance spectra of convolutional codes with punctuation and long constraint lengths. In order to provide the performance comparison of the adaptive subpacket and complete packet schemes in more detail, the following results are obtained by means of simulations. 6 illustrates the system throughput as a function of SNR for different code rates generated by puncturing. It can be seen that for a given scheme (adaptive or complete), the convolutional code with code rate of 1/2 provides the highest throughput at small SNR , while the code with code rate of 5/6 performs best at high SNR . For a given code rate, although adaptive and complete schemes perform the same when SNR is large, the former performs much better than the latter when SNR is small or moderate. It is also interesting to note that in the SNR range of interest, the throughput of the 5/6-rate code with the adaptive scheme is always higher than that of the 1/2-or 2/3-rate code with the complete scheme. Although the SPER of the 5/6-rate code is higher than the complete PER of the 1/2-rate code, the former code still provides better throughput than the latter one, due to the higher code rate. In summary, for the adaptive scheme, the best code rates should be 1/2, 2/3, and 5/6 for SNR less than 3 dB, from 3 to 4 dB, and greater than 4 dB, respectively.
In order to investigate the effect of packet length on the optimum subpacket scheme, Fig. 7 shows the throughput ( ) as a function of the number of subpackets for , 1800, respectively. It is seen that each curve takes a peak value at a specific value of , which is , 12 for , 1800, respectively.
is roughly proportional to . Although the peak values of the two curves are very close, the curve of is more robust to . Therefore, a large value of is preferable.
B. Delay
Assuming that is the time needed to encode, transmit, and decode a subblock of data, the system delay is plus the additional delay caused by retransmission. For , i.e., in complete packet schemes, if the packet is error-free, then the system delay is . If the packet is in error, then additional time is needed for retransmission. Assuming that feedback delay is negligible, the average additional system delay for complete packet schemes is given by Delay (13) When , situations are quite different. For the received subpackets SP to SP , if the first subpacket SP is in error, then the other subpackets must wait for it even if they are error-free, because data blocks must be sent to the upper-layer protocol in sequence. Hence, the system delay also depends on the position of the erroneous subpacket. Consider a simple case of , where all new subpackets are transmitted. At the receiver side, if the first subpacket is in error, then all subpackets must wait for another before being sent to the upper layer or dropped, and the average additional delay is
. If the first subpacket is error-free and the second is in error, then the first is sent to the upper layer, and the other subpackets wait in the buffer for another . Hence, the average additional delay is . Similarly, when the first subpackets are error-free and the th is in error, the average additional delay is . Then, the additional delay caused by retransmission for -subpacket schemes is given by (14) , shown at the bottom of the page. When , (14) reduces to (13) . Fig. 8 illustrates the additional delay of complete and adaptive schemes for convolutionally coded systems. For all considered code rates, the adaptive subpacket scheme always provides less additional delay than the complete packet scheme, although the improvement is relatively small. In this figure, is set to 1200, and the packet length varies with code rates. Note that, in fact, should change with packet lengths. However, the same is used in this figure, since the focus is on the performance difference between complete packet schemes and adaptive subpacket schemes for each code rate.
C. Dropping Rate
When a subpacket is unsuccessfully transmitted times, it will be dropped out. Therefore, in a truncated ARQ system with maximum transmissions, the dropping rate of a subpacket is simply a power function of (15) For , the dropping rates of complete packet and adaptive subpacket schemes are shown in Fig. 9 . It can be seen that for a given code rate, the dropping rate of the adaptive subpacket Delay (14) is much smaller than that of the complete packet, especially when SNR is moderate.
D. Subpacket Combining
By combining a previously received erroneous packet and a new packet, the system throughput can be improved significantly [19] , [20] . The adaptive subpacket scheme can be used with packet combining to further improve the system performance. It is assumed that totally transmissions are permitted. At the first transmission, the data signals are transmitted using the optimum subpacket scheme according to the channel condition. At the receiver, all subpackets are stored, and NAK is sent to the transmitter for retransmission of the erroneous subpackets. The received signals of the previous erroneous subpackets and the corresponding subpackets in the second transmission are combined, and the whole codeword is decoded again. If the channel is static during the two transmissions, then the combining is simply the half sum of the two received signals. In the Gaussian channel, the SNR of the combined signal is improved by 3 dB, and the SPER can be reduced significantly. If the subpacket is still in error after packet combining, it will be dropped. Fig. 10 shows the throughput performance of the adaptive scheme with and without subpacket combining. As a comparison, the performance of the complete scheme with and without packet combining is also shown. It can be seen that for either the adaptive or complete scheme, the system throughput is enhanced considerably by the combining algorithm, especially at low SNR. With the combining algorithm, the adaptive scheme still outperforms the complete scheme, but the performance gap is reduced when SNR is around 1 dB. This is because when SNR is small, the SPER and PER of the first transmission is high, and the system throughput is mainly determined by the SPER and PER after combining. Hence, due to two transmissions, the throughput is roughly equal to the half of the throughput without combining by shifting the SNR by 3 dB. Therefore, with combining, the performance gap between the adaptive and complete schemes reduces to a small value as SNR increases. However, when SNR is further increased beyond 1 dB, the throughput in the first transmission increases for the adaptive scheme, while it is still very small for the complete scheme. Therefore, after combining, the throughput gap between the two schemes increases as SNR increases from 1 dB. Then, when SNR is moderate or high, after combining, the packet is error-free in most cases. Hence, the throughput is mainly determined by the SPER and PER at the first transmission, and the throughput difference between the two schemes reduces as SNR is high.
It is interesting to note that although the adaptive scheme without combining is inferior to the complete scheme with combining at low SNR, the former outperforms the latter when SNR dB. As explained before, when SNR is moderate or high, the throughput after combining is mainly determined by the PER of the complete scheme at the first transmission. Since the SPER of the adaptive scheme is much lower than the PER of the complete scheme when SNR dB, it is noticeable that the adaptive scheme without combining has higher throughput than the complete scheme with combining. In summary, the adaptive subpacket scheme can be flexibly used with the packet-combining technique, and still outperforms the complete scheme with combining.
V. CONCLUSION
This paper presents an optimum subpacket scheme for convolutionally coded ARQ systems. By means of theoretical analysis and computer simulations, we show the following. 1) Subpacket schemes are suitable for convolutionally coded ARQ systems at low-to-moderate SNR . Significant improvement in the system throughput is obtainable with optimum subpacket schemes. 2) The optimum number of subpackets can be derived under the assumption of burst packet-error patterns. decreases with increasing SNR . Adaptive subpacket schemes provide the best performance in dynamic channels (variable SNR ).
3) The optimum subpacket scheme outperforms complete packet schemes in the additional delay and dropping rate. 4) The optimum subpacket scheme can be flexibly used with the packet-combining technique to further improve the system throughput.
